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Renormalization in Lorentz-Abraham-Dirac Equation, 
Describing Radiation Force in Classical Electrodynamics (in 
Russian). HepeHopMnpoBKa ypaBHCHHa 
JlopeHn,a-A6paraMa-^HpaKa pa;],HaD,HOHHOH chjibi b 
KjiaccHHecKoii 3jieKTpo;];HHaMHKe 

Igor V. Sokolov^^ 
University of Michigan, 2455 Hayward Str., MI48109 USA 



While he derived the equation for the radiation force, Dirac (1938) mentioned a possibility 
to use different choices for 4-momentum of an emitting electron. Particularly, the 4-momentum 
could be non-colinear to the electron 4-velocity. This ambiguity in the electron 4-momentum 
allows us to assume that the mass of emitting electron may be an operator, or, at least, a 
4-tensor instead of being the usually assumed scalar, which relates the 4-velocity of a bare 
charge to the total momentum of a dressed point electron, the latter being a total of the 
momentum of the bare electron and that of the own electromagnetic field. 
On applying the re-normalization procedure to the mass operator, we arrive at an interesting 
dichotomy. The first choice (more close to traditional one) ensures the radiation force to be 
orthogonal to 4-velocity. In this way the re-normalization results in the Lorentz-Abraham- 
Dirac equation or in the Eliezer equation. However, the 4-momentum of electron in this case 
is not well defined: the equality in the relativistic entity (S/c)'^ = m^c^ -\- appears to be 
broken and even the energy is not definite positive. The ill-defined energy is an underlying 
reason for the run-away solution, in which the electron in the absence of external field loses 
the radiation energy and acquires the kinetic energy in the same time. 

The other choice is to require the radiation force to be orthogonal to the 4-momentum (not 
to the 4-velocity). In this case the energy and momentum are well-defined and obey the 
relationship (<S/c)^ = m^c^ . Remarkably, the equations of a particle's motion in this case 
differ significantly from all the known versions. They appear to be well founded. They are 
simple, easy to solve, and can be applied to simulate the particle motion in the focus of an 
ultra-bright laser. 

PACS: 41.60.-m, 52.38.-r 

B pa6oTe /jHpaKa o paflHan,HOHHOH CHjie b KjiaccHHecKoii sjieKTpo^HHaMHKe npe^ycMaTpn- 
Bajiacb B03M0>KH0CTb BBeflGHHa 4-HMnyjibca HSJiynaiomero sjieKipona, HeKOJinneapHoro c 4- 
BeKTopoM ero CKopocTH. TeM caivibiM (J)aKTHHecKH npe;i;jiarajiacb nepenopMnpoBKa Maccbi KaK 
onepaTopa, cooTHOcainero yKaaaHHbie BeKTopbi. Taivi jkg OTMenajiacb HeeflHHCTBeHHOCTb Bbi5o- 
pa, npHBo;i;aiii;ero k ypaBHeHHio JlopeHii;a-A6paraMa-^HpaKa {JIA.JX} ■ KaK noKaaaHO b HacToainefi 
paSoTe, nepenopMHpoBKa ypaBnenHa JIA/J npn ^onojiHHTejibHOM Tpe6oBaHHH, ^toGbi nepenop- 
MHpoBaHHbie sneprHfl-HMnyjibc no^^HHHjiHCb TaKOMy >Ke pejiaTHBHCTCKOMy cooTHomeHHio, KaK 
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H o6biHHbie, {8'^ = p^c^ + m^c"^), npHBO^HT k cymecTBenHOH MOflH(J)HKan,HH ypaBHenHH JIA/J. 
CBoiicTBa HOBoro ypaBnenHH: oho CTpojKe, hgm ypaBnenHe JIA/J, Sy^yHH cboSo^ho ot nopoKOB 
nocjie;i;Hero; oho HpoiH;e, hgm nsBecTHoe HpnGjiHiKenHe j^jisi ypaBHenHa JIA^; oho npe;i;cTaBJia- 
GTca HpeflHOHTHTejibHbiM fljia HHCJieHHoro MO^ejiHpoBaHHa Hpon;eccoB b nojiax CBepxcHJibHbix 
jiaaepHbix HMnyjibcoB. 

/lBH>KeHHe sjieKTpona b (J)OKyce MontHoro Jiaaepa, TaKoro KaK HERCULES (University of 
Michigan) [1], b ochobhom KOHTpojinpyeTca HajiynaTejibHbiMH noiepaMH sneprHH h HMnyjibca 
[2]. HpoSjieivia bosmojkho Sojiee tohhofo OHHcanna TaKoro flBHJKeHna b paiviKax KJiaccHHecKoii 

3JieKTpOflHHaMHKH H B03M0JKH0 6ojiee 3(J)(J)eKTHBHOrO HHCJIGHHOrO HHTGrpHpOBaHHa ypaBHeHHH 

flBHJKeHHa fljia cncTeM mhophx nacTHn; (njiasMbi) b anaMHTejibHOH CTenenH ocTaeTca otkpmtoh 
H aKTyajibHOH. 

BooSme roBopa, npn stom neoSxoflHMO pemaTb ypaBnenHe Jlopenn,a-A5paraMa-/lHpaKa 
(JIAJX). 063op Teopnn ypaBnenna JIA^ flan b [3j, ;i;ocTaTOHHO nojinbin nojinbin cnncoK co- 
BpeMennbix ny5jiHKan;HH nivieeTca b [1], h sflecb OT^ejibno n;HTHpyiOTca TOJibKO Te paSoTbi, 
KOTopbie KajKyTca yMecTHbiMH b oGcyacflaeiviOM KOHTeKCTe. Hpaivioe nncjiennoe MOflejinpoBanne 
fljia ypannenna JIA/J, y KOToporo "nonin Bce" pemenna yjieiaiOT na 6ecKonennocTb (runaway) 3a 
Majioe BpeMa, ocyntecTBjieno b [5|. Hpn stom npnivienennbiH MeTOfl (nnTerpHponanne BcnaTb no 
BpeMenn), xoTa naamen, no Bpafl jih npnroflen ji^Jisi MHoroHacTHHHbix cncTeivi, mto Jinmnnn pas 
nofl^epKHBaeT HeaaKOHHennocTb Teopnn, necMOTpa na snannTejibnbie ycnjina b btom nanpanjie- 
nnn. HsBecTnbi npnGjinjKennbie Bepcnn ypasnenna JIA^, necoMnenno, Jiynmaa h3 nnx onncana 
B [6] (cm ypaBnenne (76.3)). Bce npnSjinjKennbie nepcnn ne cnoGo^nbi ot ne^ocTaTKon (cm o6- 
cyjK^enne n ccbijiKn b [3]), Taxnx, nanpnMcp, KaK ncTonnoe coxpanenne sneprnn-nMnyjibca b 
cncTCMC Bnemnee nojie-HacTnn;a-n3JiyHenHe. 

B nacToamen pa6oTe ncnojibsycTca n;i;ea, naMcnennaa ^npaKOM [7j, no ne paapaGoTannaa. 
HMenno, npe^jiaraeTca nepenopMnpoBKa Maccbi sjiCKTpona, no ne KaK CKajiapa, cooTnocani;ero 
nojinyK) sneprnro o^CToro sjiCKTpona c Bneprnen noKoa rojioro aapa^a n ero ajiCKTpocTaTn^e- 
CKOH aneprneii - a KaK onepaTopa, cooTnocantero 4-HMnyjibc o^ctoh ^acTHn,bi c 4-CKopocTbio 
rojioro aapa^a, to ecTb c tokom. Hpn btom KaK paBnonpannaa ajibTepnaTnna ypaBnennro JIAJX, 
a ne KaK npnSjinjKcnne, BoannKacT cncTCMa ypaBnennn, KOTopaa KajKCTca Sojiee npnro;i;noH, ym 
no Kpannen Mepe ^Jia nncjiennoro Mo;i;ejinpoBanna. 

Hofl^epKneM, hto a^ecb oGcyjK^aiOTca TOJibKO Tonnbie aaKonbi coxpanenna n y^OBjiCTBopa- 
ion],He HM ypannenna ^Bn^Kenna, no k caMHM ypannennaM npnMenenne nonaTna "TO^nbie" npa^ 
jin onpaB;i;ano. CaMa Konn;enn;Ha pa;i;nan;nonnoH cnjibi b [6] (KaK n ypaBnenne JIAJX) BBO^nTca 
KaK npnSjinjKennaa. Bne npe;i;ejiOB npn6jin>Kenna nsjiynenne BbicoKOsneprnnnoro (J)OTona npn- 
Bo;i;njio 6bi k snannTCJibnoMy nsMenennio nMnyjibca sjiCKTpona Ap*, KOTopoe ne mojkct 6biTb 
cne^eno k HMnyjibcy cnjibi (/*)radAt 3a CKOJib yro^no Majibin nnTepnaji BpeMenn At. Ctojib 
flajiCKO Bbixoflan],HH aa npeflCJibi Kjiaccn^ecKoii sjieKTpoflnaMHKn cjiy^an a^ecb ne paccMaipn- 
BacTca. 

B npeHe6pe:»<;eHHH HSjiyneHHeivi flBnjKenne sjiCKTpona bo BnemncM BJiCKTpoMarnnTnoM 
nojie onncbiBacTca cjie;i;yioni;nMn ypannennaMn [6j: 
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r^e F^^ - TGHSop nojia, h - 4-BeKTopbi MexaHH^ecKoro HMnyjibca h KOop^HnaT sjieKTpona, 
e = — |e| H m - ero aapa;], h Macca noKoa, c - CKopocTb CBCTa. To^Ka oSosHanaeT flH(|)(|)epeHn,H- 
poBanne no coScTBeHHOMy BpeivieHH, r. 4-BeKTopbi h 4-TeH3opbi nepeMHOJKaiOTca no oSbinnbiM 
npaBHJiaM c MeTpnnecKHM TenaopoM, g^^ = diag(l, —1, —1, —1) . ^nnaMHRa nojia ;i;aeTca ypaB- 
nenneM ^jih Tenaopa sneprnH-HMnyjibca, T*-': 

A f T'^'dV = --re,-, (2) 
dr J c 

Tax HTO cyMMapnbie sneprnH h HMnyjibc coxpanaiOTca: + / T^^dV = const. 

CncTeivia ([I]) - FaMnjibTonoBa, c KanonnHecKHM (o6o6in,eHHbiM) nivinyjibcoM, P* =p^ + eA^/c^ 
HTO cjie^yeT h3 npe^CTaBjienHH Tenaopa nojia nepea 4-BeKTop noTeHn,Hajia, A^: F^^ = {dA^ / dxi) — 
(dA^/dxj). EcjiH BeKTop-noTeHn;Haji ne aanncHT ot (n;HKJiHHecKOH) KOopflnnaTbi b^ojib hckoto- 
poro nanpaBJienna, (n ■ V)A^, to npoeKn;Ha o6o5ni;eHHoro noTeHn;Hajia na sto nanpaBJienne co- 
xpaHHeTCii: (n ■ P) = 0. HpaBafl nacTb ypaBnennfl ([T]) opToronajibna KaK 4-HMnyjibcy, Tax n 
(KOJinneapnoH c hhm) 4-CKopocTH, ^to oSecnennbaeT BbinojiHenne TOJK^ecTB: 

±2 = c\ (3) 
p2 = rri^c^, (4) 

3flecb H flajiee KBa^paT jiio6oro 4-x BCKTopa, a*, onpe^ejien corjiacno = a^ai. 

BBe^eHHe nepenopMnpoBKH b ypaBnenna (P) ne aBjiaeTCfl neoSxo^HMOCTbio, o^naKO ona 
6e3 Tpy^a MO>KeT 5biTb npoBe^ena [6]. Cnanajia paccMOTpnM noKoan],HHC5i ajieKTpon n OKpy- 
JKHM ero TOHeHHbiH aapafl c(J)epHHecKOH nonepxHOCTbio onenb Majioro pa^nyca e. no;i;cHHTaeM 
aneprnio sjieKTpocTaTHHecKoro nojia, co3;i;aHHoro aapa^OM sjieKTpona cnapyjKn ot yKaaannon 
noBepxHOCTH: Sera = \ TflG r paccTOiiHHe flo aapa^a. Ma coo5pa>KeHHH pejisTHBHCTCKon 

HHBapHaTHOCTH cjie^ycT Bbipa>KeHHe ^jih 4-HMnyjibca coGcTBennoro BJieKTpoMarnHTHoro nojia 
ajieKTpona, paBnoMepno flBH>Kyin;eroca co CKopocTbio x. CHapy>KH ot OKpy>Kaioin;eH aapa^ n ^bh- 
>Kyni;eHca BMecTe c hhm nonepxHOCTH nnTerpaji BHeprnn-HMnyjibca nojia panen: p^^ = ^ 
(Sojiee ;i;jiHHHoe ^OKaaaTejibCTBO ;i;aHO b [8], Fji. 17.5). 

B npeneSpejKeHHH ycKopenneM sjieKTpona mojkho cyMMnponaTb nivinyjibc ynjieKaeivioro nojia 
c HMnyjibCOM aaKJUOHennoH nnyTpn nonepxHOCTH "rojion" nacTHn;bi: = rrinX. Hpn btom mojkho 
BBecTH Maccy "o^gtoh" HacTHn,bi KaK CKajiap m = rUn + e^/(2ec^), nojibsyacb KOJinneapnocTbio 
Bcex HMnyjibcoB: pl^ oc n p^ oc x*. 

IlpH ynexe ycKopeHHH ajiexTpona CHTyan,Ha KanecTBenHO nsMenaeTca. Bo-nepBbix, neoS- 
xo^HMO yHHTbiBaTb 3(J)(J)eKTbi aanaaflbiBanna b (JjopMnpoBannn sjieKTpoMarnHTHon sneprnn 
sjieKTpona: ^Jia rpySbix on,eHOK nojiaraeM, hto ^acTb sneprnn-HMnyjibca nojia npn r > cAr 

OTHOCHTCa K 3HaHeHHIO CKOpOCTH B MOMGHT BpeMGHH T — At, TOr;i;a KaK CKOpOCTb B TeKyni;HH 

MOMBHT BpeMGHH OTHGcena K HHTepBajiy HHTerpHpoBanna e < r < cAt, n nojiynaeM: 



e2 



Pem 



x\t-At) —+x' — 
cAt Je 



HJIH pI^ = ^[t" ~ T"]' 6CJIH CTHTaTb ^TO At 0, HO HpH 3T0M cAt > €. 
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CyMMHpya c HMnyjibcoM rojioro aapa^a, Mbi naxo^HM, hto c y^eTOM 34)4)eKTa sanaa^biBaHHa 
nojiHbiH HMnyjibc ycKopenHO flBHJKymeroca BJieKTpona ne Bnojine KOJiHHeapen c HanpaBjieHHeM 
4-CKopocTH rojioro aapa^a: 



rfle (x)rad ~ To^\ To = 2e^/(3mc'^) ^ 6.2 ■ 10~^^s. CBaaanHbra c ycKopeHHeM ^onojiHHTejibHbiH 
Hjien B HMnyjibce a^ecb h HH>Ke oSosHaneH KaK — ^(i)rad' nocKOJibKy ^jia ^ajibHeiimero cyme- 

CTBeHHO, HTO B CHCTGMe OTCHGTa, B KOTOpOH HMnyjIbC SJIGRTpOHa paBGH HyjIK), TOK yCKOpGHHO 

/^BHJKymeroca (=H3JiyHaioiii;ero) sjieKTpoHa OTJinneH ot nyjia. ^onojiHHTejibHbifl hjigh npnSjiH- 
3HTejibH0 4-opToroHajieH 4-CKopocTH, HTO H CBH^ieTejibCTByeT o HeKOJiHHeapHOCTH HMnyjibca h 
CKopocTH rojioro aapafla hjih, hto to >Ke caMoe, HMnyjibca h TOKa. Bbi5op ^HCJienHoro koscJ)- 
(J)Hn,HeHTa b onpe^ejienHH tq oSecne^HBaeT tohhog corjiacne c pacneTOM JlapaKa |7|, KOTopbiii 
BbiHHCJiaji HHTerpaji SHeprHH-HMnyjibca ji^jisi CBaaaHHoro BJieKTpoMarHHTHoro nojia sjieKTpoHa (o 
TeH3ope SHeprHH-HMnyjibca ji^jisi CBo6o;i;Horo nojia cm HHJKe). ToHHee, BbiHHCJiajiocb HaMeneHHe 
3Toro oSiseMHoro HHTerpajia bo BpeivieHH, eiii;e Tonnee - paBHbiii eMy c oSpaTHbiM snaKOM hotok 
TGHSopa sneprHH-HMnyjibca ^epea OKpy>Kaioiii;yio sjieKTpon rHnepnoBepxnocTb. 

OflHaKO H3 Tex jKe coo5pa>KeHHH o 3ana3;i;biBaHHH cjie^yeT, hto KaK 6bi hh Gmjih tohhm pacne- 
Tbi, Hx pe3yjibTaT ne MO>KeT ^aTb to^hog 3Ha^eHHe BneprHH-HMnyjibca CBa3aHHoro sjieKTpoMar- 
HHTHoro nojia sjieKTpona b momght BpeMeHH r. Bo-nepBbix, BOBjieneHHoe b pac^eT co5cTBeHHoe 
nojie HcnymeHO (emanated) sjieKTpoHOM ne no3;i;Hee MOivieHTa BpeivieHH r — 0(e/c), TaK hto b 
jiynmeM cjiynae BbiHHCJieHHbiii HMnyjibc OTHOCHTca k neKOTopoiviy npeflinecTByioineMy MOMen- 
Ty BpeMeHH (jih6o pa3Ma3aH ho neKOTopoMy HHTepnajiy BpeMenn). Bo-BTopbix, 3KCTpaH0JiaH;Ha 
CHHryjiapHoro Hjiena -^^x{t — ^) b pl^ k TexymeMy MOMeHTy BpeMenn ^ajia 6bi norpemnocTb 
HopaflKa TTiToX, KOTopaa ne CTpeMHTca k nyjiio npn CTpeMjieHHH e k nyjiio. 

TecHO CBa3aH0 c OTMenennbiM sc^Dc^DexTOM h to o5cToaTejibCTBO, hto He3HaHHTejibHoe nepe- 
onpe^ejieHHe oxBaTbiBaromen sjiexTpoH rnnepnoBepxHOCTH, no KOTopon npon3BOflnTca nnTerpn- 
ponanne noTOKa sneprnn-nMnyjibca, npnBO^nT k KajKymeMyca ncne3noBeHnio nponopn,nonajib- 
Horo 4-ycKopeHHio HJiena h3 nnTerpajia BneprHH-HMnyjibca (cm [9j hjih nojie3HbiH o53op [10]). 
Hpn 3T0M Bce paBHO npHxo;i;HTca bbo^htb TaKon hjich b onpe^ejienne HMnyjibca, no yjKC Hepe3 
nocTyjinponannoe Bbipa>Kenne onpe^ejiennoro nn^a ^Jia nMnyjibca "tofo, hto naxoflnTca nnyT- 
pn" yKa3annoH rnnepnonepxnocTn, npnneM npon3BOJibnbiH K03(J)(J)nn,nenT b stom Bbipa>Kennn 
flOJiJKen onpe^ejiaTbca n3 ne3aBncnMbix coo5pa>KennH. Ho^xofl necBMa 5jin30K k ncnojib30Ban- 
HOMy B nacToamen paSoTC. 

HocKOJibKy ycKopenno ^BnjKymenca sjiCKTpon b KjiaccnnecKoii BJieKTpo^nnaMnKe o6a3a- 
TCJibHO H3JiyHaeT, Heo5xo;i;HMO npocjie;i;HTb, mtoSm BbiHepKHBanne CBa3aHHoro nojia h3 TeH3opa 
SHeprnn-HMnyjibca ne 3aTparHBajio 5bi Ty nacTb TeH3opa, KOTopaa onncbiBacT H3JiyHeHHe. TaKoe 
B03M05KHO, HOCKOJibKy B TeH3ope SHepmH-HMnyjibca coScTBCHHoro nojia sjiCKTpona mojkct Smtb 
Bbi^ejiena OTnocantaaca k n3Jiynennio nacTb, 




(5) 




(6) 





(7) 
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KOTopaa caMa no ce6e no^nHHHHeTCH saKony coxpaHenHH bo bcgm npocTpancTBe, 3a hckjuohghh- 
GM MHpoBOH jiHHHH TOJiOFO sapflfla (cM Bbipa>KeHHe fljis T^^^ H flOKasaTejibCTBa HH>Kecjie;],yioiii;Hx 
yTBepjKfleHHH b [9]-|10|): 



■^,ifU6\r^-x\T))dT. (8) 
3flecb r* - KOop;i;HHaTHbiH 4-BeKTop b neKOTopoH cncTeivie OTcneTa, r b ypaBneHnax (IMTD onpe- 



flejiaeTca ;i;aHHOH tohkh r* h3 ycjiOBna 3ana3;i;biBaHHa: = 0; {p^)rad ecTb npHpamenne 
4-HMnyjibca HajiyneHHa 3a e;i;HHHii;y coScTBGHHoro BpeivieHH, hto noflTBepjKflaeTca HHTerpnpoBa- 
HHGM ypaBHCHHa ([8]) no d^r^: no Bceii oSjiacTH, aanaToii nsjiynenneM, n no npeMenn ot ivranyc 
SecKonennocTn ^o Texymero MOMenia npeivienn t: 

fr(t) 

TiUt)dV= / {P%.dr. (9) 



B TO JKe BpeMa na Gojibmnx paccToannax nivienno onpe^ejiaeT noTOK n yrjiOBoe pacnpe^e- 
jiennn nsjiynenna (cm [H]). Bbipa>KenHe ^Jia (p)rad, paayMeeTca, nanecTno n ^aeTca (|)opMyjiaMH 
fljia sjieKTpoflnnojibHoro HajiyneHHa [6]. 

JXjisi yneia Boa^eHCTBHH HSjiyneHHa na flBHacenne ajieKTpona ^npaK npe;i;jiojKHJi 
cjieflyioin;ero Tnna pacmnpeHHe FaMnjibTOHOBon CHCTeivibi 

P' = -/^'i, - (p)Ld, = + (10) 

BbipajKenna ^jia ^oSanjiennbix HjienoB noKa necymecTnennbi. 

TaKaa HnTepnpeTan,Ha Teopnn /J^npaKa ne 6eccnopna. Bojiee Toro, pa36HenHe TpaflHn,HonnoH 
4-CHjibi paflHan,Honnoro Tpenna na^na cjiaraeMbix, m d{x)l^^/dT—{p)l^^, (b HcnojibayeMbix a^ecb 
o6o3HaHeHHax) h BKjnoHeHne nepBoro h3 hhx, aBJiaioni;eroca nojiHofl nponsBOflHOH no BpeMenn, 
B onpe;i;ejieHHe 4-HMnyjibca, a ne b ypaBneHne HMnyjibcoB, KpnTHKOBajiocb, nanpHMep, b 
OflnaKO, BO-nepBbix, /JnpaK acno no^nepKHBaji, hto nponcxojKflenne tgx HjienoB, nTO BKjiionenbi 
B Bneprnio-HMnyjibc sjieKTpona b pOI) . CBaaano nivienno c nnyTpennen aneprnen sjieKTpona. Bo- 
BTopbix, KaK noKaaano Bbime, OT^ejienne STnx njienoB ot najiynaTejibnbix 3(|)(|)eKT0B BoaMoacno 
H n;ejiecoo6paaHO, a bot KoppeKTHoe OTflejienne nx ot SHeprnn coScTBenHoro nojia sjieKTponoB 

- Bpafl JIH BOaMOJKHO. 

BbipajKaa (x)*ad JinSo nepea x, JinSo nepea p\ MO>Kno paccMaTpnBaTb BTopoe na ypannennn 
([Tol l KaK onepaTopnyio nepenopivinpoBKy jin6o Maccbi: = m[x-'], r;i,e m[x-'] = m(x* + (a;)*g^d[x]), 
jih5o oSpaTHOH Maccbi: = 7h~^[p^], rji^e rh~^[p^] = m^^p'^ — (i)rad[P'']- 

Do cpaBHeHHK) c ([l]), CBoiicTBa ypaBHeHnii (1101) HSMenaiOTCH cjieflyioin;HM o6paaoM. 
B aaKone coxpaneHna SHeprnn-HMnyjibca, 

P^ + (P)rad+^ / T'dV=0, (11) 

HOBbiH HJien, (p)rad5 onHCbiBaGT SHepmio H HMnyjibc, ynocHMbie HajiyHenneM. CooTHomeHne (l2|) 
ocTaeTca nenaiviennbiM, npn^eivi BKjia^ ot TOKa nepexo^a, eF^j{x)l^^/ c, nivieeT cmmcji sneprnn- 
nMnyjibca, KOTopbie sjieKTpon 0T5npaeT ot nojia b npon,ecce najiynenna. KaK noacnaiomnii npn- 
Mep, paccMOTpnM pejiaTHBHCTCKH CHjibnyio sjieKTpoMarnnTnyio BOJiny c BOJinoBbiM bgktopom 
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/cq, b KanecTBe BHemnero sjieKTpoMarHTHoro nojia. HpH HajiynenHH sjieKTponoM b nojie bojihbi 
OflHoro BbicoKOSHeprHHHoro (J)OTOHa c bojihobbim bcktopom, k\, saKon coxpanenHH sneprHH- 
HMnyjibca flaei: = Pi + nhk^ — hk\, hhjkhhh HHfleKC, i, f , oSoaHanaeT HanajibHoe h KoneHHoe 
cocToaHHe sjieKTpona. B chjibhom nojie hhcjio norjioineHHbix KBaHTOB, n, MoaceT 5biTb oneHb bg- 
jiHKO, H Hx ot5op ot KjiaccH^GCKoro nojifl, yjKe xoth 5bi no 3toh npn^HHe, flOJi>KeH onHCbiBaTbca 

B COOTBGTCTBHH C ypaBHeHHCM (JS]) KaK flGHCTBHe TGHSOpa nOJIfl Ha HeKOTOpblii TOK. HmGHHO 3T0T 

TOK H BBe^en KaK e{x)l^^. Hivinyjibc me HSJiyneHHoro (|)OTOHa ^aeT BKjia^ b (p)rad- Hepexofl k 
npe;i;ejiy KJiaccHHecKoii 3JieKTpo;i;HHaMHKH npHBo;i;HT k ypaBHeHHio Tnna (fTOll - a TOHHee, ;i;aeT 

ajIbTepHaTHBHblH BblBO^i; CHCTeMbI (l20ll . 

3aK0H coxpaneHHa o6o5iii;eHHoro HMnyjibca BHflOHSMeHaeTca, ecjiH HMnyjibc HajiyneHHa hmg- 
eT HeHyjieByio npoeKii;Hio na HanpaBJienne ii;HKJiHHecKOH KOopflHHaTbi: (n-P) = — n- (p)rad = 0. B 
OTcyTCTBHe HSJiyneHHa h BHemnero hojih MexanHnecKHH h oGoSmenHbiii HMnyjibc coxpanaiOTca: 
B nacTHOCTH, paBHbi HyjiK), ecjiH ohh H3HanajibH0 paBHbi nyjiio (caMOBoa^eiicTBHe OTcyTCTByei) . 

Tpy^HOCTH oflHaKO B03HHKaiOT c BbinojiHeHHeM ypaBHeHHH (I3]j4]). OTMeneHHaa /J^h- 
paKOM Heo;i;H03HaHHOCTb Bbi6opa BbipajKenna fljia HMnyjibca (hhmmh cjiOBaiviH, ji^jisi nepenopMH- 
poBKH onepaTopa Maccbi) , conpajKena c Bbi5opoM - KaKHM h3 sthx ypaBHeHHH cjie^yeT HOJKepT- 
BOBaTb, HOCKOJibKy fljia CHCTeMbI (fTOl) HX o;i;HOBpeMeHHoe BbiHOJineHne HCBOSMOiKHO. B nacT- 
HOCTH, oSbinHO o6ecHenHBaeTca BbiHOJiHCHHe ycjiOBHa ([3]), hto bosmojkho, ccjih {x)l^^Xi = 
H ■m{x)l^^Xi = — (p)rad^«- EcjiH H3JiynaTejibHbie noTcpn Bbipa>KeHbi nepe3 ycKopenne corjiacHO 
(J)opMyjie fljia flHHOJibHoro H3JiyHeHHa, OTCio;i;a cjie^yeT: 

•■2 

(P)rad = -^^^^i', (i)Ld = ^0X\ (12) 

m[x'] = m(l - To-^)x\ (13) 
ar 

ypaBHCHHa p0|12p SKBHBajienTHbi ypaBHCHHio JIA/J: 

mx = -F'^Xj + mrox* H — x . (14) 

c & 

OTJIHHHe TaKOH 4)0pMbI 3aHHCH (cM [7],[H|) OT HpHHaTOH B [6] HC MOJKGT BbI3BaTb HeflOpa3yMeHHe. 

06Hi;eH3BecTHbie Tpy;i;HOCTH ypaBHenna JIA.JX [6] -[11] CBa3aHbi c cnnryjiapHOCTbio MaccoBoro 
onepaTopa: ^Jia caMoycKopaioni;eroca pemcHHa x oc exp(r/ro), npn tom hto CKopocTb Heorpann- 
HCHHO pacTCT, HMHyjibc sjiCRTpoHa paBCH HyjiK) (cm. ffT3l) ). HpoGjieMoii aBJiacTca h napymeHHe 
TOJK^ecTBa (lH), KOTopoe HpHHHMaeT BH^: = m?{c^ + TqX^) < m^c^ - HanoMHHM, mo x^ < 0. 
HocKOJibKy p^ = S'^/c^ — , r^e S - sneprna sjiCKipona, ne TOJibKO napymaeTca H3BecTHoe 
cooTHomeHHe MejK^iy BHeprneH h HMnyjibCOM: S'^/c^ ^ p^ + m^c^ , ho h Bneprna noKoa ycKopen- 
Horo sjiCKTpoHa 0Ka3biBaeTca MeHbineli, hcm mc^. Bojiee Toro Tcopna ;i;onycKaeT npeBpamenne 
3Toro jifi^eKTa SHeprnn b H3JiyHeHHe: npn aHajiH3e Sajianca (coxpanaiomeHca!) SHeprnn b caMO- 
ycKopaiomcMca pemenHH jierKO bh^ctb, nTO aneprna H3JiyneHHa neorpanHneHHO nepnacTca h3 
sneprHH noKoa sjieKTpona. 

Hpn Bcex npoSjiCMax c SHeprneii b ypaBHeHHH JIA/J, otmcthm, hto b H3BecTH0H hph5jih- 

JKCHHOH MOflCJIH fljia paflHan,HOHHOH CHJIbI [6] BOoSme He HpOCMaTpHBaCTCa B03M0JKH0CTb BBCCTH 
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SHeprHio-HMnyjibc HSJiynaiomeH ^acTHn,bi, nocKOJiBKy sia MO^ejib nenpe^CTaEHMa b bh^g (110 
npH5jiH>KeHHaH MO^ejib, npeflCTaBHMaa b bh^g (1101) . oneHb ^aBHO Sbijia npe^JiOKena b [T2j : 



(p)Ld = - ^^^f'^^ i;-, (i;);,, = ro^, (15) 
cr mc 

m[x*] = Wb^Xj = m ( (yf'-' — To j Xj. (16) 

Mo^ejib 3Ta Bnocjie^CTBHH 6bijia npHSHana Hey^aHHoii (cm [3]). O^naKO ^ajibHeiimee npeo6pa- 
30BaHHe ypaBHeHHH fllOl llSp . CBO^flmee hx k ypaBHenHio (76.3) h3 [6], npHBO^HT k neTOHHOMy 
coxpaneHHio sneprHH-HMnyjibca. /JencTBHTejibHO, npeo6pa30BaHHbiH ^jien m^(i;)rad nocjie bbi- 
nojiHGHHa flH(J)(J)epeHii;HpoBaHHa no BpeivieHH h npnSjiHJKeHHoro BbipajKeHHa ycKopeHna nepea 
CHJiy JlopeHii;a (KaK b [6]) y>Ke ne aBJiaeTca nojiHofi npoH3Bo;i;HOH no r, TaK hto (fTTl) y>Ke ne 
BbinojinaeTca hh b flH(|)4)epeHn,HajibH0H (J)opMe, hh fla>Ke b HHTerpajibnoii. 

Tenepb noTpe6yeM BbinojineHHa ([4]) BMecTO ([3]), ^to bosmojkho b cjiy^ae: 

Vi^.,(i)L=P.(p)rad- (17) 

Hpe^nojiaraa oSbinnyio CBa3b MejK^y SHeprnen n nivinyjibcoM HSJiy^enna [6], nojiy^HM corjia- 
coBannoe c (fTTl) BbipajKenne jiflu TOKa nepexo;i;a: 

(P)jad = (i);ad = -f /I, (18) 

rfle / - HHTencHBHOCTb H3JiyHeHHa (noTepa aneprnn 3a eflHnHn;y BpeMenn), a = —Tofl/m 
- HHTencHBHOCTb sjiGRTpo^HnojibHoro H3Jiy^eHHfl, BbipajKennaa, KaK h cnjia JlopeHn,a, fl = 
eF^''Pj/(mc), Hepe3 nivinyjibc sjieKTpona n ^encTByiontHe na nero nojia. CooTBeTCTBenno nepe- 
HopMHpoBaHHbiH onepaTop (b ^annoM cjiynae - TeH3op) Maccbi Bbirjia^HT cjie^yiontHM o6pa30M: 

(m-'r = -g^^ + ^^F^\ (19) 

EcjiH nojiojKHTb I = Ie ("^to neoGaaaTejibHO, / mojkgt 6biTb nnoii (J)yKHn;HeH hjih BOo5ni;e ne 
(i)yHKn;HeH, a cjiyHannoii Bejinnnnon, OTpa»caa BepoaTHOCTHbiii xapaKTep najiynenna KBania), 
npnxoflHM K CHCTeivie ypaBnennn ^^Bnacenna fljia H3Jiynaioni;ero sjieKTpona: 

pi = ^F'^x, + x' = m-'p' + ^fl (20) 

c m^c^ m 

06cy^HM CBoiicTBa nojiyneHHtix ypaBHeHHH. IlpejKfle Bcero nx OTJinnne ot ypaBnenna 

JIAJX OHGHb Majio, HTO bh;i;ho h3 cpaBnenna (110tll2p c (l20l) . c yneTOM MajiocTH Tq. Teivi ne ivienee 

OTcyTCTByiOT caMoycKopaioni;Heca pemenna n BnepreTHnecKne napaflOKCbi. PaflHan;HOHHbie "no- 

npaBKn" k FaMnjibTOHOBoii cncTeivie BbipajKenbi Hepe3 napaivieTpbi "neBOSMynteHHOH" cncTeMbi 

(nMnyjibc h nojie b to^kg, r^e naxo^HTca ^acTHn,a), ^to ^onycKaeT conocTaBjienne c nocTpoen- 

HOH no Teopnn B03Myni;eHHH KBanTOBon BJieRTpoflnnaMHRon. Hojieana n npocTa Tpex-BCKTopnaa 

(J)opMyjiHpoBKa (l20l) : 

-|^f. + -[^HxB]-4-^u, (21) 
dt ' ml + ro(u- fL)/(mc2)' ^ ' 
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- = eE.{u + 6u)-^-—^. (23) 



r^e t - BpeMH b npoHSBOJibHOH CHCTeMe OTC^eTa, £/c = [m^c^ + P^)^^^, u = c^p/£^, = 
e(E + [u X B]/c), - CHjia JlopeHn,a, E h B- sjieKTpnHecKoe h MarHHTHoe nojia. 

HncjieHHoe pemeHne ypaBHeHHH (I21II22I) b paiviKax MCTOfla nacTHii; b aneHKe ne npe;i;cTaBJiaeT 
Tpyfla H HeMHorHM cjiojKHee hgm fljia FaMnjibTOHOBbix ypaBHeHHH. Hpn pacneTax b paiviKax SToro 

MQIOfm TOK SJieKTpOHOB CO CKOpOCTbK) (5u, flOJIJKeH y^HTblBaTbCfl B ypaBHeHHHX flJIfl SJIGRTpO- 

MarHHTHoro nojia, Tax KaK hmghho 3tot tok OTBe^aeT aa ot6op sneprHH ot hojih sjigrtpohom 
B npon,ecce HSJiy^enHH. KpoMe Toro ne npeflCTaBjiaeT Tpy^a h no^c^eT hojihoh BneprnH nsjiy- 
HGHHa, HpH 3T0M MOJKeT HCH0Jib30BaTbca flOHOJiHHTejibHoe K (I21|22p ypaBHeHHC sneprHH: 

— = eE • (u + 5u) ^—T 

dt ^ ' m^c^ 

/Jjia H3JiyHaeM0H aa eflHHHH;y BpeivieHH sneprnH, KOTopaa flaeTca HOCJieflHHM hjighom b (l23l) . 
HeTpy;i;HO TaKJKe paccHHTaTb yrjiOBoe h cneRTpajibHoe pacnpe;i;ejieHHe. HpHiviep pacneTa no Ta- 
KOH cxeMe flan b |13j.|14|. 

HeH36e:aceH Bonpoc o HapymeHHH Toac^ecTBa ([3]). HrnopHpya SjiaronpHHTHbie ^Jia 

TeOpHH MOMGHTbl (npH OrpaHHMeHHH Ha BejIHHHHy HOJia, neoSxO^HMOM J^JlSi npHMeHHMOCTH KJiac- 

CHHecKoii TeopHH, HapymeHHe cooTHomeHna (l3|) Majio: 

"' \JL\ 2 4 2/1 1 /I o^2\ ^ -2 ^ 2 

— r-T- <t:m C , C (1 - 1/137 ) < X < C , 

HTO BO BcaKOM cjiy^ae HCKJiiOHaeT CBepxcBCTOBbie napaflOKCbi), paccMOTpHM raaBHyio Jiornne- 
CKyio Tpy^HOCTb: npH nyjiebOM npocTpancTBeHHOM HMnyjibce sjieKTpona, p = 0, CKopocTb H3Jiy- 
naiomero sjieKTpona OTjinnna ot nyjia h pabna, KaK HeTpy^HO BwipfiTb, Xrad = loeE/m (hmghho 
no3TOMy x'^ = — ic^^^ < c^). OnaTb, HrHopHpyeM tot GjiaronpnaTHbiH (J)aKT, ^to 3a Jiio- 
6oH MbicjiHMbiii HHTepBaji BpeMGHH sjieKxpoH naSepex MHoroKpaTHO Sojibinyio CKopocTb 3a chgt 
ycKopeHHa nojieivi. 

BbiHyjK^eHHO npnGeraa k KBanTOBbiM noHflTHaM h Hcnojib3ya npHBe^enHbiH Bbime npHMep 
sjieKTpona b nojie oflHOMepnoH pejiaTHBHCTCKH chjibhoh sjieKTpoMarHHTHoii bojihbi, otbgthm 
nocjie^OBaTejibHO na Tpn Bonpoca. Hto 03HaHaeT paBHbifl nyjiio (b Te^enne neKOToporo Majio- 
ro HHTepBajia BpeMenn) nivinyjibc BJieKxpona? Oh 03HaHaex hxo gcjih b xeneHne sxoro BpeivieHH 
H3JiyHeHHe (BepoaxHOCxHbiii HpoH;ecc) oxcyxcxBOBajio, xo KaK HMnyjibc, xaK h CKopocxb nacxH- 
n,bi B ^aHHOH CHCTeMe OTC^CTa paBHbi nyjiro hjih, b jik)6oh ^pyroii chctcmc OTC^CTa, sjiCKTpoH 
flBH>KeTca no TpacKTopnn FaMHjibTonoBOH cncTCMbi 1^. Honeiviy b npon,ecce H3JiyHenHa cko- 
pocTb sjiCKTpona CTanoBHTca otjihhhoh ot nyjia? HoTOMy nTO, KaK oGx-acnajiocb Bbime, ^Jia 
H3JiyHeHHa sjiCKxpon flOJiJKen oxoSpaxb Bneprnio ox nojia. HaKonen;, noneiviy ne flonycxnxb, hxo 
B npon;ecce H3JiyHeHHa nivinyjibc H3MeHaexca b cooxbcxcxbhh co CKopocxbio? Hoxoiviy mxo 3xo 
npoTHBopennjio 6bi oflnoMy h3 3aKonoB coxpanenna: htoGbi OToSpaTb sneprnio ot nojia boji- 
nbi, CKopocTb flOJi>Kna 5biTb napajiJiejibna E, no sto nanpanjienne n,nKjinnecKOH KOop^nnaTbi, 
H n3Menenne npoeKn,HH nivinyjibca na bto nanpanjienne KonTpojinpycTca 3aKonoM coxpanenna 
o6o5in;eHHoro nivinyjibca. 

He BHflHO HHoro Bbixofla, KaK flonycxnxb Hapymenne cooxHomenna (JS]), b KanecxBC njiaxbi 
3a nenpoTHBopennno BBC^ennbie sneprnio-nMnyjibc. Pa3yMeeTca, nenpnbbinno npe^CTanjienne 
o6 3JieKTpone, flBn>Kyin,eMca ne CTporo b nanpanjiennn nivinyjibca, njin o nenyjienon npocTpan- 
CTBennoit CKopocTH npn nyjienoM npocTpacTnennoM HMnyjibce. O^naKO n to, n ^pyroe - ncero 
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JIHinb HHBepCHH yTBepjK^eHHH O TOM, HTO H3-3a 3(|)4)eKTa 3ana3flbIBaHHa BKJiafl COSCTBGHHO- 

ro nojifl sjieKTpoHa b ero HMnyjibc ne MoaceT onpeflejiflTbca MrnoBenHbiM 3Ha^eHHeM CKopocTH 
sapafla. 

IlpHMep anajiHTHHecKoro pemeHHH Haii^eHHbix ypaBHenHH jierKO nojiyHHTb j^jisi oji- 
HOMepnoro ^BHJKeHHH^^ b oflHopoflHOM {jiJiii npocTOTbi) 3JieKTpHHecK0M nojie. KoopflHHaTHyio 
ocb X HanpaBjiaeM b^ojib eE. HycTb b momght BpeMeHH t = t = sjieKTpoH HMeeT nyjieBoii 
HMnyjiBC H HaxoflHTca b to^kg x = 0. PemenHe ypaBHenHH (1201) hmcgt bh^ (cpaBHHTe c [6], §20, 
0, saflana 17.5 h [H], rji.3): 

— - = cosh.{uET), — = smh.{uET), uje = — , (24) 
mc^ mc mc 

HpHHCM B HpeHe5pe>KeHHH H3JiyHeHHeM 3BOJiion,Hfl sneprHH-HMHyjibca HMejia 6bi tohho TaKoii me 
xapaKTep. O^naKO flBH>KeHHe H3JiyHaion],eH HacTHn,bi HMeeT cymecTBenHoe OTjinnne: 

- = + To smh{ujET), t = ^-^^ + To [cosh{ujET) - 1] . (25) 

C UJe i^E 

ITo cpaBHeHHK) c flBH>KeHHeM KOTopoe HMejio 6bi MecTO B OTcyTCTBHe HSJiyneHHA, TO ecTb B npene- 
6pejKeHHH oc tq HjienaMH b ( l25i l. HSJiynaiomHii BJieKTpon npocKajib3biBaeT Bnepe^ b npocTpancTBe 

H BO BpeMeHH (oc To HJieHbl 05a HOJIO>KHTejIbHbl). ripH TaKOM HpOCKajIbSblBaHHH SJieKTpHHeCKOe 

nojie coBepmaeT ;i;onojiHHTejibHyio paGoxy, Koxopaa KOMnencnpyeT H3JiyHeHHyio aneprHio h hm- 
nyjibc: 

^rad = TqUJe sinh(t^£;r), (Px)rad = TqU E [cOs\i{uJet) - 1] . (26) 

BbiSnpafl pasjiHHHyio KajinSpoBKy (hhcto CKajiflpHbiii noTeHn,Haji hjih hhcto BeKTopHbin), 
HeTpy^HO npocjie^HTb coxpaneHHe ne TOJibKO sneprHH, ho h o6o6meHHoro HMnyjibca. /l^pyroe 
anajiHTHHecKoe pemeHne (;i;jia sjieKxpona b nojie o;i;HOMepHOH BJieKxpoMarHHXHoli bojihm) ^ano 

b[I1]. 

Pa6oTa aBTopa no (J)H3HKe bbicokhx njiOTHOCTen sneprHH no^epjKana rpanTOM DE-FC52- 
08NA28616. 
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